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ABSTRACT 

Mobile robots are expected to play an active role in the logistics industry, and their development is 

underway. There are many examples of mechanisms with three omni-rollers as omnidirectional 
mobile mechanisms, and methods for analyzing and verifying their kinematics have been proposed. 

In this study, we derive a robot trajectory equation for roller drive. In addition, we verified the 

kinematics in a simulation environment on a PC, with the goal of reducing costs and time in a simple 

verification experiment with good visibility. 

© 2022 The Author. Published by The Society of Artificial Life and Robotics. 

This is an open access article distributed under the CC BY-NC 4.0 license 
(http://creativecommons.org/licenses/by-nc/4.0/). 

 

1. Introduction 

In recent years, in fields such as logistics, speed and 

time-efficient mobility are required for mobile robots. 

Therefore, the wheels of mobile robots are being 

developed after analyzing that robots with nonholonomic 

or holonomic characteristics have a total of three degrees 

of freedom (two translational degrees of freedom and one 

rotational degree of freedom). 

In this way, mobile mechanisms with holonomic 

properties can be easily controlled because the wheels can 

be driven independently and have high omnidirectional 

mobility. In many mechanisms, an equilateral triangle 

arrangement structure is used as the basis for roller 

arrangement [1]. 

In RoboCup MSL, most robots use mechanisms with 

three omni rollers. RV-infinity [2], Musashi150 [3], and 

NuBot [4] are equipped with three omni rollers arranged 

in an equilateral triangle, achieving omnidirectional 

movement. In addition, in RoboCup MSL, the kinematics 

of a ball with two roller velocities as inputs has been 

proposed as a kinematic study of the ball holding 

mechanism installed in the mobile mechanism [5]. The 

kinematics have also been verified using actual machines 

[6][7]. In terms of robot mobility, research has been 

conducted to evaluate the efficiency of movement by 

studying the region of existence of the speed of a mobile 

robot relative to the roller speed [8][9][10]. In addition, 

research on the rotation efficiency of a sphere driven by 

rollers has identified an efficient roller arrangement pattern 

[11][12]. 

To verify whether the proposed theoretical formula 

properly expresses the intended mathematical model, it is 

necessary to measure it with a measuring device and 

confirm the error from the theoretical value. However, 

there are problems with the development cost and time 

involved in preparing the measuring device. In addition, 

feedback takes time, so it is thought that it is difficult to 

shorten the development period. 

In previous research, the simulation function of 3DCAD 

was used to perform simple experiments by performing 

simulations on a PC from the pre-experimental stage. In a 

mobile mechanism equipped with three wheels, the 

trajectory formula was analyzed when the input roller 

speed was restricted as a constant. Therefore, trajectory 

analysis when the input roller speed was arbitrary could 

not be performed [13]. 

In this study, we derive a trajectory equation when the 

input roller speed is set to an arbitrary value and use the 

mechanism analysis function of 3D CAD software to 

compare it with the derived theoretical equation and verify 

the consistency of the kinematics. 

This study is structured as follows: Chapter 2 analyzes 

the kinematics and trajectory of a mobile robot equipped 

with a three-wheel omni roller. Chapter 3 shows the results 

of verification experiments and simulations. Finally, we 

provide a summary and future challenges. 
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2. Analysis of kinematics and robot trajectory 

In this chapter, we analyze the robot trajectory for three 

roller speeds when the roller position is given as a variable. 

In Section 2.1, we introduce the kinematics for the general 

triangular arrangement of three rollers. In Section 2.2, we 

derive the robot trajectory equations assuming an 

equilateral triangular arrangement. 

2.1. Mobile robot kinematics 

Figure 1 shows a view of the mobile robot that has a 

common radius of all omni-wheels adapted the i-th rollers 

(𝑖 = 1,2,3) contact point 𝑷𝒊 on a circle, which has a radius 

𝑅. 𝑋𝒲-𝑌𝒲 is the global coordinate system (origin 𝑶) and 

𝑋𝑚-𝑌𝑚 is robot coordinate system (origin 𝑶́). And. Roller 

arrangement angles are 𝛼𝑖  .The robot orientation 𝜙  is 

referred as the angle between 𝑋𝒲-axis and 𝑋𝑚-axis. and 

the distance from the robot center to the contact points 

between wheels and floor is 𝑅 . Thus, [𝜈1 , 𝜈2, 𝜈3]𝑻  is 

represented as follows. 

Thus, [𝜈1 , 𝜈2, 𝜈3]𝑻 in robot coordinate is represented as 

Eq. (1). 

(

𝜈1

𝜈2

𝜈3

) = (

− sin 𝛼1 cos 𝛼1 1
− sin 𝛼2 cos 𝛼2 1
− sin 𝛼3 cos 𝛼3 1

) (

𝑉𝑥𝑚

𝑉𝑦𝑚

𝐿𝜙̇

) (1)  

2.2. Trajectory of mobile robot 

(A) Calculating the orbital formula 

Consider the roller angular velocity and roller speed at 

time t [sec]. The relationship between the angular velocity 

of each roller 𝜔𝑖 = 𝜔𝑖(𝑡)(𝑖 = 1,2,3), radius 𝑟 and 𝜈𝑖 =
𝜈𝑖(𝑡) (𝑖 = 1,2,3) becomes Eq. (2). 

(

𝜈1

𝜈2

𝜈3

) = (

𝑟𝜔1

𝑟𝜔2

𝑟𝜔3

) (2)  

We consider equilateral triangular arrangement  as 
(𝛼1, 𝛼2, 𝛼3) = (π/6, 5π/6, 3π/2) . From Eq. (1), the 

kinematics is can be represented as Eq. (3). 

 

 

Figure 1 Robot speed vector by robot coordinate system 

and global coordinate system 

 

(

𝜈1

𝜈2

𝜈3

)=(
−1/2 √3/2 𝐿

−1/2 −√3/2 𝐿
1 0 𝐿

) (

𝑋̇𝑚

𝑌̇𝑚

𝜙̇

) (3)  

The forward kinematics for determining the body speed 

from the roller input is derived by an inverse matrix as Eq. 

(4). 

(

𝑋̇𝑚

𝑌̇𝑚

𝜙̇

) = (

−1/3 −1/3 2/3

1/√3 −1/√3 0
1/3𝐿 1/3𝐿 1/3𝐿

) (

𝜈1

𝜈2

𝜈3

) (4)  

Also, from Eq. (5), 

𝜙̇ =
𝜈1 + 𝜈2 + 𝜈3

3𝐿
 (5)  

The transformation from the robot coordinate system 

Σ𝑚  to the global coordinate system Σ𝒲  can be 

represented as Eqs. (6)-(7). 

ℙ̇𝒲 = 𝕋𝒲𝑚ℙ̇𝑚 (6)  

Where 

ℙ̇𝒲 = (

𝑋̇𝒲

𝑌̇𝒲

𝜙̇

) , ℙ̇𝑚 = (

𝑋̇𝑚

𝑌̇𝑚

𝜙̇

)  

 𝕋𝒲𝑚 = (
cos 𝜙 −sin 𝜙 0
sin 𝜙 cos 𝜙 0

0 0 1

) 

(7)  

From Eqs. (3)-(6), 𝑋𝒲  and 𝑌𝒲  are calculated as Eqs. 

(8)-(9). 

𝑋𝒲 = ∫ {
𝑡

0

 (−𝜈1 − 𝜈2 + 2𝜈3) cos (
1

3𝐿
∫ (𝜈1 + 𝜈2 + 𝜈3)

𝑡

𝑜

𝑑𝑡) 

−(√3𝜈1 − √3𝜈2) sin (
1

3𝐿
∫ (𝜈1 + 𝜈2 + 𝜈3)

𝑡

𝑜

𝑑𝑡)} 𝑑𝑡 (8)  

 

𝑌𝒲 = ∫ {
𝑡

0

(−𝜈1 − 𝜈2 + 2𝜈3) sin (
1

3𝐿
∫ (𝜈1 + 𝜈2 + 𝜈3)

𝑡

𝑜

𝑑𝑡) 

+(√3𝜈1 − √3𝜈2) cos (
1

3𝐿
∫ (𝜈1 + 𝜈2 + 𝜈3)

𝑡

𝑜

𝑑𝑡)} 𝑑𝑡 (9)  

 
(B) Analysis of trajectories in uniform motion 

In this section, we consider the properties of the robot 

trajectory when the input velocity is constant. 

As shown in Figure 2, if the input roller speeds are 

constant, then we are assuming that(𝜈1 , 𝜈2, 𝜈3) = (𝑎, 𝑏, 𝑐) 

(𝑎, 𝑏, 𝑐: constant). 

At first. ‖𝕍𝒲‖ is calculated as Eqs. (10)-(12). 
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‖𝕍𝒲‖ = √𝑋̇𝒲
2

+ 𝑌̇𝒲
2

= √𝑋̇𝑚
2

+ 𝑌̇𝑚
2
 (10)  

=
1

3
√(−𝑎 − 𝑏 + 2𝑐)2 + (√3𝑎 − √3𝑏)

2
 (11)  

=
√2

3
√(𝑎 − 𝑏)2 + (𝑎 − 𝑐)2 + (𝑏 − 𝑐)2 (12)  

Using  ℛ = ‖𝕍𝒲‖/|𝜙̇|, ‖𝕍𝒲‖ is derived as Eq. (13). 

=
√2

|𝑎 + 𝑏 + 𝑐|
√(𝑎 − 𝑏)2 + (𝑎 − 𝑐)2 + (𝑏 − 𝑐)2 (13)  

Let the velocity vector be 𝕍𝒲 = (𝑋̇𝒲 , 𝑌̇𝒲), Direction of 

initial velocity of the robot. It is represented as Eqs. (14)-

(16). 

𝜓 = tan−1
𝑋̇𝒲

𝑌̇𝒲

=
√3𝑎 − √3𝑏

−𝑎 − 𝑏 + 2𝑐
 (14)  

Center of circular orbit is represented as Eqs. (15)-(16). 

𝕆𝑅 = 𝜙̇−1ℂ90𝕍𝒲 (15)  

=
2𝐿

𝑎 + 𝑏 + 𝑐
( √3𝑎 − √3𝑏

−𝑎 − 𝑏 + 2𝑐
) (16)  

=
√2 ∗ 3𝐿√(𝑎 − 𝑏)2 + (𝑎 − 𝑐)2 + (𝑏 − 𝑐)2

3(𝑎 + 𝑏 + 𝑐)
(

cos (90 + 𝜓)
sin (90 + 𝜓)

) 

Therefore. When 𝑎 + 𝑏 + 𝑐 = 0, 𝜙̇ = 0, and the robot 

body moves in a linear motion, When 𝑎 + 𝑏 + 𝑐 ≠ 0, the 

motion is circular (Case of 𝑎 + 𝑏 + 𝑐 > 0 , it moves while 

rotating counterclockwise. Case of 𝑎 + 𝑏 + 𝑐 < 0  , it 

moves while rotating clockwise). 

 

Figure 2 Circular orbit for mobile robot 

3. Simulation 

3.1. Set up for simulation 

The simulation was performed using SlidWorks 

simulation. Figure 3 shows the experimental setup 

equipped with a three-wheeled omni roller. The assembly 

diagram includes an isometric view (Figure 3(a)), a front 

view (Figure 3(b)), and a side view (Figure 3(c)). Table 1 

gives the radius of the aircraft body 𝐿 = 0.086[m]  and 

the radius of the omni roller r = 0.023[m]. The number 

of passive wheels of this omni roller is shown, and in this 

case 18 rollers are assumed (Figure 3(d)). Table 2 shows 

the roller arrangement conditions. By giving the three 

roller locations (𝛼1, 𝛼2, 𝛼3) = (π/6, 5π/6, 3π/2) , we 

assume that the three rollers arranged in an equilateral 

triangle are oriented in the tangent direction of the robot's 

periphery. Coulomb friction is set as the contact constraint 

between the floor and the passive long of the omni roller. 

The error rate is expressed using a vector that combines 

the two-dimensional coordinates of the robot trajectory. 

The error 𝑒(𝑡) is defined as the rate of closeness between 

the theoretical vector 𝕣𝑡(𝑡) =  (𝑋𝑤
𝑚(𝑡), 𝑌𝑤

𝑚(𝑡)) and the 

experimental vector 𝕣𝑒(𝑡) = (𝑋𝑤
𝑒 (𝑡), 𝑌𝑤

𝑒(𝑡))  integrated 

over the interval The error rate is expressed using a vector 

that combines the two-dimensional coordinates of the 

robot trajectory. The error 𝑒(𝑡)  is defined as the rate of 

closeness between the theoretical vector 𝕣𝑡(𝑡) = 
(𝑋𝑤

𝑚(𝑡), 𝑌𝑤
𝑚(𝑡))  and the experimental vector 𝕣𝑒(𝑡) =

(𝑋𝑤
𝑒 (𝑡), 𝑌𝑤

𝑒(𝑡)) integrated over the interval [0, T] at time 

𝑡. 

𝑒(𝑡) =
1

𝑇
∫

‖𝕣𝑡(𝑡)−𝕣𝑒(𝑡)‖

‖𝕣𝑡(𝑡)‖

𝑇

0

𝑑𝑡 (17)  

Table 1 Set up for mechanism 

Parameter Value 

𝐿 0.108[m] 

𝑅 0.023[m] 

𝑛 18 

Table 2 Set up for simulation 

Parameter Name 

 ‖𝕍𝒲‖ 0.022 [m/s] 

(𝛼1, 𝛼2, 𝛼3) (𝜋/6, 5𝜋/6, 3𝜋/2) [rad] 

3.2. Result of simulation 

(A) Simulation 1 (Circular motion) 

Consider the motion in which the robot's initial velocity 

vector is 60°  and ‖𝑉‖ = 0.022  [m/s]. Roller input 

values (𝑁1, 𝑁2, 𝑁3, 𝑁3) = (32.9, 1.84, 32.9 and (-12.2, -

43.3, -12.2) in 𝑇 = 3[s] are values calculated by Eq. (3) 

for the target direction 60°(Table 3). 

As a result, in Figure 4, the theoretical values are shown 

in orange and the experimental values in blue for 

comparison. 

It is theoretically shown that the trajectory properties 

lead to a circular motion because 𝑁1 + 𝑁2 + 𝑁3 ≠ 0 (See 

[13]). 
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As shown in Figure 5, the experimental values are close 

to the theoretical values. The errors are |1 − 𝐿𝑤
𝑒 /𝐿𝑤

𝑚| =
0.02  and  |1 − 𝐿𝑤

𝑒 /𝐿𝑤
𝑚| = 0.03 , respectively, 

demonstrating the accuracy of the kinematics. 

(B) Simulation 2 (linear motion, translational motion 

only)  

Consider motion where the robot speed is ‖𝑉‖ = 0.022 

[m/s]. Roller input values are values calculated by Eq. (3) 

for the target direction 0°  , 30° , 60°  and  90° . 
Assuming omnidirectional movement, assume 𝜑 = 0°,
30°, 60°, 90° (Table 4). 

Although this angle is only in the first quadrant, these 

four patterns are sufficient due to the symmetry of the 

roller arrangement of the mechanism. The inputs 
(𝑁1, 𝑁2, 𝑁3) are shown in Table 4. 

As a result, in Figure 4, the theoretical values are shown 

in orange and the experimental values in blue for 

comparison. 

Since 𝑁1 + 𝑁2 + 𝑁3 = 0, it is theoretically shown that 

a straight line is drawn due to the nature of the trajectory. 

 

 

 

 

 

 

 

 

(a) 

 

 

(b) 

 

 

 

 

 

 

 

 

 

(c) (d) 

Figure 5 Trajectory of mobile robot in case of 

constant roller’s speed (a) Case of  𝜑 = 0°.(b) Case 

of  𝜑 = 30°. (c) Case of  𝜑 = 60° .(d) Case of  
𝜑 = 90 . 

As shown in Figure 5, case of 𝜑 = 0°(Figure 5(a)), case 

of 𝜑 = 30° (Figure 5(b)), case of 𝜑 = 60° (Figure 5(c)), 

case of 𝜑 = 90°(Figure 5d)), each experimental values are 

close to the theoretical values. In particular, 𝑌𝑤
𝑒(𝑡) 

smoothly approaches 𝑌𝑤
𝑚(𝑡)  (t), and (𝑋𝑤

𝑒 (𝑡), 𝑌𝑤
𝑒(𝑡)) 

smoothly approaches (𝑋𝑤
𝑚(𝑡), 𝑌𝑤

𝑚(𝑡)). 

The errors are |1 − 𝐿𝑤
𝑒 /𝐿𝑤

𝑚| = 0.01 , |1 − 𝐿𝑤
𝑒 /𝐿𝑤

𝑚| =
0.02 , |1 − 𝐿𝑤

𝑒 /𝐿𝑤
𝑚| = 0.02 , and |1 − 𝐿𝑤

𝑒 /𝐿𝑤
𝑚| = 0.02 , 

respectively.  

Verification experiments were performed in a simulation 

environment on a PC, and the accuracy of the kinematics 

was demonstrated in both circular and linear trajectories. 

 

Table 3 Input and output roller arrangement 

 𝜑 [deg] (𝑁1, 𝑁2, 𝑁3)[rpm] Error 

Left 
rotation 60° (32.9, 1.84, 32.9) 0.03 

Clockwise 60° (-12.2, -43.3, -12.2) 0.02 

 

 

 

 

Figure 3 Trajectory of mobile robot in case of constant 

roller’s speed. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) Isometric view (b) Front view 

 

 

 

 

 

 

 

 

 

 

 

 

 

(c) Side view (d) Omni roller 

Figure 4 Design of mobile robot for simulation 
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Table 4 Input and output roller arrangement 

𝜑 [deg] (𝑁1, 𝑁2, 𝑁3)[rpm] Error 

0° (-10.3, -10.4, 20.8) 0.03 

30° (0, -17.9, 17.9) 0.03 

60° (10.3, -20.8, 10.4) 0.02 

90° (17.9, -17.9, 0) 0.01 

4. Conclusion 

In this study, the kinematics of a mobile mechanism 

equipped with three wheels was derived. In order to verify 

the kinematics, a simulation of the trajectory of the 

mechanism was carried out using the mechanism analysis 

function built into 3D CAD software. Cases where the 

trajectory is circular and where linear motion is assumed 

in all directions were confirmed, and the error rate was 

within 0.05, demonstrating the accuracy of the kinematics. 

Future works include analyzing the behavior of the 

mobile robot when the number of omnidirectional wheels 

or roller passive wheels is increased. 
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