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ABSTRACT

In this paper, synchronization of novel five-dimensional (5D) autonomous hyperchaotic systems
is studied. The synchronization control law is proposed based on the center translation method.
A structure compensator is formulated to make the mathematical model of the error system the
same as that of the response system, and a linear feedback controller and its simplification are
designed via the Lyapunov stability theory to make the error system globally asymptotically
stable at the origin. Thus, the two 5D hyperchaotic systems with different initial values are
synchronized. Some relevant numerical simulation results, such as the curves of the
corresponding synchronization state variables and the errors, are given to illustrate the feasibility
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1. Introduction

Hyperchaos was first presented in 1979 by Otto Rdssler
[1]. The main differences between hyperchaotic system
and chaotic system are as follows. Firstly, the minimal
dimension of the phase space that embeds a hyperchaotic
attractor should be at least four, which requires the
minimum number of coupled first-order autonomous
ordinary differential equations to be four. Secondly, the
number of terms in the coupled equations giving rise to
instability should be at least two, of which at least one
should have a nonlinear function [2]. Hence, hyperchaos
is much more complicated than chaos, and hyperchaos
synchronization has greater application significance and
engineering value in secure communication.

Stability control of the novel 5D hyperchaotic system
has been presented in [2]. In this paper, the mathematical
model of the novel 5D hyperchaotic system is given as
the drive system. Hyperchaos synchronization of the 5D
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and effectiveness of the synchronization control law.
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systems with different initial values is studied based on
the center translation method, so that the mathematical
model of the synchronization error system would be the
same as that of the controlled system formulated in [2].
Thus, the control law in [2] can be applied to the design
of the linear feedback synchronization controller in this
paper. Corresponding numerical simulation results are
presented to demonstrate the validity of the
synchronization method.

2. The Novel 5D Hyperchaotic System

The dynamic equations of the novel 5D hyperchaotic
system are
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3. Hyperchaos Synchronization Based on Center
Translation Method

3.1. Formulation of error system

Take the system (1) as the drive system, then the response
system is formulated as

% =a(y, =X, )+Uy +Ug,
¥, =(C—a)X, +Cy, + W, = X,Z, +Ug, +Ug,,
7, =-bz,+X,Y, +Ug, + U,
Vv, =mw, +Ug, +U,,,
W, =—Y, —hv, + U +U, (2)

where

(a2)

(as)

and

where X;,Y;,Z;,V;, W, € R are state variables, and a =

23,b=3,c=18,m=12andh=4[2].

Let the initial values of the system (1) be (X1, Y10, Z10,
Vio, Wio) = (1, 1, 1, 1, 1), then the Lyapunov exponents
respectively are A1 = 0.8732 >0, A2 =0.1282 > 0, A3 =
-0.0013 =~ 0, M4 =-0.5770 < 0 and A5 = -8.4231 < 0. It
indicates that the system (1) is hyperchaotic. The
attractors of the 5D hyperchaotic system (1) are shown in
Figure 1.

(a3)

(a6)

_ T
uc_[ucl ucz ucs uc4 ucs]

are structure compensator and synchronization controller to
be designed. Let us= 0, uc.= 0, and the initial values of the
response system (2) be (Xzo, Y20, Z20, V20, W20) = (5, 0, 4, 3,
8), then the Lyapunov exponents respectively are Ap =
0.9121>0, 42, =0.1175> 0, A23 =-0.0008 ~ 0, A4 = -0.5533
< 0and A5 =-8.4755 < 0. It shows that the response system
(2) is also hyperchaotic.
Let

e
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be the synchronization error and
Us = [usl U, Ug Uy Ug ]T
_ 0 _
Xl + X2, - 2X121
=| XY =X Y, +2XY,
0
0

then the error system is simplified as
é =a(e,—e)+u,,

é,=(c—a)e +ce, +e,—ee; +U,,

é, =—be,+ee, +u,,

€, =me, +U,,,

6, =—€,—he, +U,. (3)
Comparing the mathematical model of the error system

(3) with that of the controlled system (2) in [2], it can be

found that the two models are similar. Hence, the

synchronization controller uc is designed as

.
uc:[ucl U, U Uy ucs]

=[_k161 _kzez —k363 _k4e4 _kses]T’
where K;,K,,K;,K,, ks > 0.

3.2. Design of linear feedback synchronization
controller

Theorem 1. Let x = 0 be an equilibrium point for
x=f(x), where f:D—>R" is a locally Lipschitz

map from a domain D < R" into R". Let V:R" >R
be a continuously differentiable function such that

V(0)=0 and V(x)>0, Vx=0
||x||—>oo:>V(x)—>oo
V(x)<0, VX # 0

then x = 0 is globally asymptotically stable [2].
Take a continuously differentiable function

1 h
V== e2+e2+e2+—e2+e2j 4
2( 1 2 3 m 4 5 ( )

as a Lyapunov function candidate for the error system (3).
Then, the derivative V is derived as

P . ., h .
V =¢eg +6,6, +e,6,+—e,e, +e.6
m
2 2
=—(k,+a)e’ +cee, —(k, —c)e;

—(ky+b)e; —k4%ef —k.el

c 3
S—(lira—Ejef —(kz —Ecjezz

—(ks+b)e; —kA%ej —k.el.

(5)
For V <0, the parameters k, , k,, k; , k, and K
should satisfy that

Cc
kl+a_§>0, k1>E a, k =0
3 s
k,—=c >0, 3 k, =30,
2 k, >—c,
K = 2 = k=0,
,+b>0, K
2 > D, k, =1
h a7
k46>0, k4>0, k5=1.
K >0, k; >0,

Thus, the linear feedback synchronization controller uc is
designed as

T
uc:[ucl U, Ugs Uy ucs]

=[0 —30e, 0 -, -&]. (6)

From Theorem 1, the error system (3) is globally
asymptotically stable at the origin. It indicates that the
response system (2) is synchronized with the drive system

).

3.3. Numerical simulation under the synchronization
controller uc

Remark 1. The initial values of the drive system (1) and the
response system (2) are (X, Y10, Z10, V10, Wi0) = (1, 1, 1, 1,
1) and (Xzo, Y20, Z20, V20, Wzo) = (5, 0,4,3, 8) respectively in
this paper.

Definition 1. After adding the structure compensator us
and the linear feedback synchronization controller uc to the
response system (2), the Lyapunov exponents of the
response system (2) are called sub-Lyapunov exponents [3].
Theorem 2. The response system (2) and the drive system
(2) will synchronize only if the sub-Lyapunov exponents are
all negative [3].
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The curves of the errors and the corresponding state
variables before and after adding the structure
compensator us and the linear feedback synchronization
controller uc to the response system (2) are shown in
Figure 2 and Figure 3 respectively. Comparing Figure 3
with Figure 2, it can be found that the errors e, €z, €3 €4
and es converge to zero asymptotically and rapidly and the
corresponding state variables are synchronized well after
adding us and uc to the response system (2). Moreover, the
sub-Lyapunov exponents of the response system (2) are
Aote = -1.0292, Ay = -1.0355, Agsc = -3.0000, Az =
-17.4669 and \zsc = -17.4690, which are all negative. From
Theorem 2, the response system (2) and the drive system
(1) have synchronized.
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Figure 3 After adding us and uc: (a) Errors; (b) State variables

3.4. Simplification of synchronization controller

Corollary 1. Let x = 0 be an equilibrium point for
x=f(x), where f:D—R" is a locally Lipschitz
map from adomain D < R" into R". Let V:R" >R be
a continuously differentiable, radially unbounded, positive
definite function such that \V/ (x) <0 for all xeR". Let

S= {x eR" |V (x)= O} and suppose that no solution can

stay identically in S, other than the trivial solution
X(t)EO. Then, the origin is globally asymptotically
stable [2].

Still take Equation (4) as a Lyapunov function candidate
for the error system (3). Now let ks = 0 and substitute ki =
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ks = ks = 0 into Equation (5). Then, the derivative Vois
reduced to

- . . L .
V =geg +6e,8, +e6, Jraeéle4 +e.6,

2 2 2

—(k, —c)e; —be; —ke;

=—ae’ +Cee,
—(k 3 cje2 —be? —k.e?
2 2 2 3 5%5 "

—(a—%jef
(7)

For V <0, the parameters k, and k; should satisfy that

k2—§c>0, k2>§c, k, =30,
2 = 2 = =1
ks >0, ks >0, S

From Corollary 1, to find S = {e € RS’\/(e) =O} ,
note that _
V=0=¢=¢,=¢,=6,=0
Hence, S ={e e R°|e, =¢, =e, =g, =0}.
Let e(t) be a solution that belongs identically to

S:{eeR5|e1:e =, O} so that

e (t)=¢e(t)=e (t) 5(t)=0
= &(1) =&, (1) =&, (1)=&, (1) =& (1) =0
=€, (t) =0
Therefore, the only solution that can stay identically in
S= {e eR’ ’V (e) = O} is the trivial solution

e(t)EO . From Corollary 1, the origin is globally

asymptotically stable. Finally, the synchronization
controller uc in Equation (6) is simplified as

N T
ucs_[ucsl ucsZ ucsS |"Ics4 ucsS]

=[0 —30e, 0 0 —&]. (8)

3.5. Numerical simulation under the simplified
synchronization controller ucs

The curves of the errors and the corresponding state
variables before and after adding the structure
compensator us and the simplified linear feedback
synchronization controller ucs to the response system (2)

are shown in Figure 2 and Figure 4 respectively. Comparing
Figure 4 with Figure 2, it can be found that the errors ey, e,
es, e4 and es converge to zero asymptotically and rapidly
and the corresponding state variables are synchronized well
after adding us and uc to the response system (2).
Furthermore, the sub-Lyapunov exponents of the response
system (2) are Azies = -0.5284, Axxes = -0.5302, Azzes =
-3.0006, Aoacs = -17.4668 and Agses = -17.4690, which are all
negative. From Theorem 2, the response system (2) and the
drive system (1) have synchronized. However, comparing
Figure 4 with Figure 3, it can be seen that the speed of
convergence and synchronization under uc is a little bit
slower than that under u.. Nevertheless, the simplified
synchronization controller ue only has two feedback
variables, such that it is easier to implement via circuit than
the synchronization controller uc. Hence, the simplified
synchronization controller ucs has higher value in
engineering application.
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Figure 4 After adding us and ucs: (a) Errors; (b) State variables
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4. Conclusions

Synchronization of the novel 5D hyperchaotic systems is
proposed based on the center translation method in this
paper. A linear feedback synchronization controller and its
simplification are designed via the Lyapunov stability
theory. Numerical simulation results illustrate the
feasibility of the synchronization method. The study has
some engineering significance. Furthermore, the circuit
implementation of the synchronization system is under
investigation and will be reported elsewhere.
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